Introduction {#Sec1}
============

In many real-world systems customers that are waiting for service may decide to abandon the system before entering service. In the process of designing systems, it is important to understand the effect of this abandonment phenomenon on the system's behavior. There has been a huge effort in developing models for systems that incorporate the effect of abandonments, also referred to as reneging or impatience (see, e.g., Dai et al. [@CR1]; Garnett et al. [@CR5]; Ward and Glynn [@CR20]; Whitt [@CR25], [@CR23], [@CR22]; Kang and Ramanan [@CR7]; Zeltyn and Mandelbaum [@CR28], [@CR29]). The simplest yet widely used model is the completely Markovian $\documentclass[12pt]{minimal}
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                \begin{document}$$M/M/m+M$$\end{document}$ model, also known as the Erlang A model. Its performance analysis has been an important subject of study in the literature (see for example Garnett et al. [@CR5]; Whitt [@CR24]), not only because the Erlang A model is being used in practice (Mandelbaum and Zeltyn [@CR13]), but also because it delivers valuable approximations for more general abandonment models (Whitt [@CR26]).

The Erlang A model assumes Poisson arrivals with rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, exponential service times with mean $\documentclass[12pt]{minimal}
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                \begin{document}$$1/\mu $$\end{document}$, *m* parallel servers, and most importantly, it incorporates the feature that waiting customers abandon the system after exponentially distributed times with mean $\documentclass[12pt]{minimal}
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                \begin{document}$$1/\eta $$\end{document}$. Let *N*(*t*) denote the queue length at time *t*. Assuming independence across the interarrival, service and reneging times, the queue length process is a birth--death process $\documentclass[12pt]{minimal}
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                \begin{document}$$(N(t))_{t\ge 0}$$\end{document}$. The stationary distribution of this process, and associated performance measures like delay or abandonment probabilities, are easy to obtain (Garnett et al. [@CR5]; Mandelbaum and Zeltyn [@CR13]). In contrast, studying the time-dependent behavior of $\documentclass[12pt]{minimal}
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                \begin{document}$$(N(t))_{t\ge 0}$$\end{document}$ is generally judged to be prohibitively difficult (Fralix [@CR2]; Ward [@CR21]) because, among other things, the Kolmogorov forward equations do not seem to allow for a tractable solution. The main contributions of this paper are the exact solutions of both the forward and backward Kolmogorov equations, leading to exact expressions for the Laplace transforms of the time-dependent queue length distribution in Sect. [2](#Sec2){ref-type="sec"} and first-passage times in Sect. [3](#Sec9){ref-type="sec"}.

The birth--death process describing the Erlang A model has birth rates, conditioned on $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _j=\lambda $$\end{document}$ and death rates $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _j=j\mu $$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _j=m\mu +(j-m)\eta $$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$j>m$$\end{document}$. There are available general results for the time-dependent behavior of birth--death processes. Karlin and McGregor ([@CR8], [@CR9], [@CR10]) have shown that the backward and forward Kolmogorov equations satisfied by the transition probabilities of a birth--death process can be solved via the introduction of a system of orthogonal polynomials and a spectral measure. For each set of birth and death rates $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _j,\mu _j)$$\end{document}$ there is an associated family of orthogonal polynomials. In some cases, when the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _j,\mu _j)$$\end{document}$ is assumed to have a special structure, these orthogonal polynomials can be identified. One such special case is the *M* / *M* / *m* queue, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _j=\lambda $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _j=\min \{j,m\}\mu $$\end{document}$. Notice that the Erlang A model incorporates the *M* / *M* / *m* queue as the special case $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow 0^+$$\end{document}$. Karlin and McGregor ([@CR10]) have shown for the *M* / *M* / *m* queue that the relevant orthogonal polynomials are the Poisson--Charlier polynomials. Determining the spectral measure, though, is rather complicated, which is why van Doorn ([@CR15]) made a separate study of determining the spectral properties of the *M* / *M* / *m* queue, starting from the general expression for the spectral measure in Karlin and McGregor ([@CR10]) in terms of the Stieltjes transform. For the same *M* / *M* / *m* queue, Saaty ([@CR14]) derived the Laplace transform of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\hbox {Prob}}}}[N(t)=n]$$\end{document}$ over time, in terms of hypergeometric functions. As in Saaty ([@CR14]), we do not resort to the approach in Karlin and McGregor ([@CR8], [@CR9], [@CR10]) for solving the Erlang A model, but instead opt to derive the explicit solution for the Laplace transform of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\hbox {Prob}}}}[N(t)=n]$$\end{document}$ in a direct manner. The inverse transform then gives the desired solution for the time-dependent distribution, and we can also obtain the time-dependent moments. Mathematically, we shall use discrete Green's functions, contour integrals, and special functions related to hypergeometric functions. Having explicit expressions for the Laplace transforms is useful for ultimately obtaining various asymptotic formulas, which would likely be simpler than the full solution and yield insight into model behavior.

Due to the cumbersome expressions for some of the stationary characteristics, and the presumed intractability of the time-dependent distribution, simpler analytically tractable processes $\documentclass[12pt]{minimal}
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                \begin{document}$$(D(t))_{t\ge 0}$$\end{document}$ have been constructed that have similar time-dependent and stationary behaviors as $\documentclass[12pt]{minimal}
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                \begin{document}$$(N(t))_{t\ge 0}$$\end{document}$. This can be done by imposing limiting regimes in which such approximating processes naturally arise as stochastic-process limits. Ward and Glynn ([@CR18]) make precise when the sample paths of the Erlang A model (and extensions using more general assumptions Ward and Glynn [@CR20]) can be approximated by a diffusion process, where the type of diffusion process depends on the heavy-traffic regime. The diffusion process $\documentclass[12pt]{minimal}
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                \begin{document}$$(D(t))_{t\ge 0}$$\end{document}$ is generally easier to study than the birth--death process $\documentclass[12pt]{minimal}
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                \begin{document}$$(N(t))_{t\ge 0}$$\end{document}$, and can thus be employed to obtain simple approximations for both the stationary and the time-dependent system behavior. In Ward and Glynn ([@CR18], [@CR19], [@CR20]) the limiting diffusion process is a reflected Ornstein--Uhlenbeck process, whose properties are well understood (Fricker et al. [@CR4]; Linetsky [@CR12]; Ward and Glynn [@CR19]). Garnett et al. ([@CR5]) proved a diffusion limit for the Erlang A model in another heavy-traffic regime, known as the Halfin--Whitt or QED regime. In this regime, the diffusion process $\documentclass[12pt]{minimal}
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                \begin{document}$$(D(t))_{t\ge 0}$$\end{document}$ is a combination of two Ornstein--Uhlenbeck processes with different restraining forces, depending on whether the process is below or above zero. Both the stationary behavior (Garnett et al. [@CR5]) and the time-dependent behavior (Leeuwaarden and Knessl [@CR17]) of this process are well understood. From our general result for the Laplace transform of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\hbox {Prob}}}}[N(t)=n]$$\end{document}$ we show how the results obtained in Leeuwaarden and Knessl ([@CR17]) for the above diffusion processes can be recovered. See the survey paper Ward ([@CR21]) for a comprehensive overview of diffusion approximations for many-server systems with abandonments.

The paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"} we work towards Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} that provide explicit expressions for the Laplace transform of the time-dependent distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$$(N(t))_{t\ge 0}$$\end{document}$. In order to do so, we first reformulate the forward Kolmogorov equations in terms of difference equations in Sect. [2.1](#Sec3){ref-type="sec"} and Laplace transforms in Sect. [2.2](#Sec4){ref-type="sec"}. In these steps we identify several key special functions of which some properties are proved in Sect.  [2.3](#Sec5){ref-type="sec"}. Then, in Sect. [2.4](#Sec6){ref-type="sec"} we prove Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} using all preliminary results in Sects. [2.1](#Sec3){ref-type="sec"}--[2.3](#Sec5){ref-type="sec"}. In Sect. [2.5](#Sec7){ref-type="sec"} we consider the limiting steady state case, and in Sect.  [2.6](#Sec8){ref-type="sec"} we treat the special cases $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow 0^+$$\end{document}$ (*M* / *M* / *m* queue) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow \infty $$\end{document}$ (the *M* / *M* / *m* / *m* loss model).

In Sect. [3](#Sec9){ref-type="sec"} we follow a similar approach to obtain in Theorem [3](#FPar7){ref-type="sec"} the Laplace transform of the distribution of the first time that $\documentclass[12pt]{minimal}
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                \begin{document}$$n_*>m$$\end{document}$. This result is established in Sect. [3.1](#Sec10){ref-type="sec"}. We then again specialize the general results in Theorem [3](#FPar7){ref-type="sec"} to several limiting cases. In particular, we derive in Sect. [3.2](#Sec11){ref-type="sec"} results for the Halfin--Whitt regime. Finally, we give in Sect.  [3.3](#Sec12){ref-type="sec"} an expression for the mean first passage time.

Transient distribution {#Sec2}
======================

Expressions in terms of difference equations {#Sec3}
--------------------------------------------
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                \begin{document}$$\begin{aligned} p_n(t) ={{\mathrm{\hbox {Prob}}}}[N(t)=n\mid N(0)=n_0], \end{aligned}$$\end{document}$$so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_n(t)$$\end{document}$ depends parametrically on the initial condition $\documentclass[12pt]{minimal}
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                \begin{document}$$n_0$$\end{document}$, as well as the model parameters *m*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho =\lambda /\mu $$\end{document}$. Since *N*(*t*) is a birth--death process with birth rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, death rate (setting $\documentclass[12pt]{minimal}
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                \begin{document}$$N(t)\geqslant m$$\end{document}$, the forward Kolmogorov equations are$$\documentclass[12pt]{minimal}
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Main results: solutions of the difference equations {#Sec6}
---------------------------------------------------
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Limiting case: steady state {#Sec7}
---------------------------
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### **Corollary 1** {#FPar3}
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Limiting cases: extreme abandonments rates {#Sec8}
------------------------------------------
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### **Corollary 2** {#FPar4}
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### **Corollary 3** {#FPar5}
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We also note that the transient distribution for the *M* / *M* / *m* model was previously obtained, in different forms, by Saaty ([@CR14]) and van Doorn ([@CR15]). In van Doorn ([@CR15]) spectral methods are used, while in Saaty ([@CR14]) the Laplace transform is expressed in terms of hypergeometric functions.
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### **Corollary 4** {#FPar6}
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First passage times {#Sec9}
===================

Main result: Laplace transform of the first passage time {#Sec10}
--------------------------------------------------------
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### **Theorem 3** {#FPar7}

The distribution of the first passage time to a level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_*(>m)$$\end{document}$ has the Laplace transform $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{Q}_n(\theta )=E\left[ e^{-\theta \tau (n_*)}\mid N(0)=n\right] $$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{Q}_n(\theta )= & {} \rho ^{n_*-n}\dfrac{n!}{m!}\eta ^{m-n_*+1}\left( \dfrac{\rho }{\eta }\right) ^{\frac{m+\theta }{\eta }}\dfrac{e^{\rho /\eta }}{\Gamma \left( \frac{\theta }{\eta }\right) \Gamma \left( n_*-m+1+\frac{m}{\eta }\right) }\nonumber \\&\times \dfrac{F_n}{(m+\eta )(H_{n_*}\, I_{m+1}-I_{n_*}\, H_{m+1})F_m+(m+1)(H_m\, I_{n_*}-H_{n_*}\, I_m)F_{m+1}},\nonumber \\&0\leqslant n\leqslant m,\end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{Q}_n(\theta )= & {} \rho ^{n_*-n}\eta ^{n-n_*}\dfrac{\Gamma \left( n-m+1+\frac{m}{\eta }\right) }{\Gamma \left( n_*-m+1+\frac{m}{\eta }\right) }\nonumber \\&\times \dfrac{(m+\eta )(H_n\,I_{m+1}-I_n\, H_{m+1})F_m+(m+1)(H_m\, I_n-H_n\, I_m)F_{m+1}}{(m+\eta )(H_{n_*}\,I_{m+1}-I_{n_*}\, H_{m+1})F_m+(m+1)(H_m\, I_{n_*}-H_{n_*}\, I_m)F_{m+1}},\nonumber \\&m\leqslant n\leqslant n_*. \end{aligned}$$\end{document}$$

Note that actually ([3.20](#Equ124){ref-type=""}) can be used even if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=m+1$$\end{document}$ and it then agrees with ([3.21](#Equ125){ref-type=""}). Similarly, ([3.21](#Equ125){ref-type=""}) holds even if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=m-1$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta =1$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_n=I_n$$\end{document}$ and then both ([3.20](#Equ124){ref-type=""}) and ([3.21](#Equ125){ref-type=""}) reduce to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{Q}_n(\theta )=\dfrac{n!}{n_*!}\rho ^{n_*-n}\dfrac{F_n(\theta )}{F_{n_*}(\theta )},\quad 0\leqslant n\leqslant n_* \end{aligned}$$\end{document}$$which is the result for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M/M/\infty $$\end{document}$ model. We can again get results for the standard *M* / *M* / *m* model by letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \rightarrow 0^+$$\end{document}$ in Theorem [3](#FPar7){ref-type="sec"}. Using the asymptotic results in ([2.88](#Equ88){ref-type=""}) and ([2.91](#Equ91){ref-type=""}), after some calculations that we omit we obtain the following.

### **Corollary 5** {#FPar8}

For the *M* / *M* / *m* model the first passage distribution to a level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_*(>m)$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{Q}_n(\theta )= & {} \rho ^{m-n}\dfrac{n!}{m!}\sqrt{(\theta +m+\rho )^2-4m\rho }\nonumber \\&\times \dfrac{F_n(\theta )}{\rho F_m(Z_+Z_-^{n_*-m} - Z_-Z_+^{n_*-m})+(m+1)F_{m+1}(Z_+^{n_*-m}-Z_-^{n_*-m})},\nonumber \\&0\leqslant n\leqslant m \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{Q}_n(\theta )= & {} \dfrac{\rho F_m(Z_+Z_-^{n-m}-Z_-Z_+^{n-m})+(m+1)F_{m+1}(Z_+^{n-m}-Z_-^{n-m})}{\rho F_m(Z_+Z_-^{n_*-m}-Z_-Z_+^{n_*-m})+(m+1)F_{m+1}(Z_+^{n_*-m}-Z_-^{n_*-m})},\nonumber \\&m\leqslant n\leqslant n_*. \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{\pm }$$\end{document}$ are as in ([2.87](#Equ87){ref-type=""}).

Using the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_n(0)=\rho ^{n}/n!$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{\pm }(0)=[m+\rho \pm |m-\rho |]/(2\rho )$$\end{document}$ we can easily verify that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{Q}_n(0)=1$$\end{document}$ for all *n*, so that the density is properly normalized. We shall discuss later the mean first passage time, which is equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\widehat{Q}'_n(0)$$\end{document}$.

Halfin--Whitt regime {#Sec11}
--------------------
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We have previously obtained these results in Fralix et al. ([@CR3]), by directly solving the parabolic PDE satisfied by the diffusion approximation. Since $\documentclass[12pt]{minimal}
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### **Corollary 7** {#FPar10}
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Mean first passage time {#Sec12}
-----------------------

Finally, we give below the mean first passage time,$$\documentclass[12pt]{minimal}
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### **Corollary 8** {#FPar11}
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We note that using ([2.22](#Equ22){ref-type=""}) we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_n(0)=\left( \dfrac{\rho }{\eta }\right) ^{n-m+\frac{m}{\eta }}\dfrac{1}{\Gamma \left( n-m+1+\frac{m}{\eta }\right) } \end{aligned}$$\end{document}$$and the expression in ([3.50](#Equ154){ref-type=""}) may also be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q_n=\dfrac{1}{\rho }\left[ \sum ^{n_*-1}_{J=n}\sum ^J_{\ell =m+1}\dfrac{H_{\ell }(0)}{H_J(0)}+ \sum ^{n_*-1}_{J=n}\dfrac{H_{m}(0)}{H_J(0)}\sum ^m_{\ell =0}\dfrac{m!}{\ell !}\rho ^{\ell -m}\right] ,\quad m\leqslant n<n_* \end{aligned}$$\end{document}$$By multiplying ([3.4](#Equ108){ref-type=""})--([3.6](#Equ110){ref-type=""}) by *t* and integrating from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=\infty $$\end{document}$ we see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_n$$\end{document}$ satisfies the recurrence(s)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\rho (q_{n+1}-q_n)+n(q_{n-1}-q_n)=-1,\quad 0\leqslant n\leqslant m,\end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\rho (q_{n+1}-q_n)+[m+(n-m)\eta ](q_{n-1}-q_n)=-1,\quad m\leqslant n\leqslant n_*-1, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_{n_*}=0$$\end{document}$. Solving the difference equations in ([3.59](#Equ163){ref-type=""}) and ([3.60](#Equ164){ref-type=""}) by elementary methods leads to Corollary [8](#FPar11){ref-type="sec"}. The same results can be obtained by computing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\widehat{Q}'_n(0)$$\end{document}$ using the expressions in Theorem [3](#FPar7){ref-type="sec"}.

The work of CK was partly supported by NSA grant H 98230-11-1-0184. The work of JvL was supported by an ERC Starting Grant and an NWO TOP grant of the Netherlands Organisation for Scientific Research.
